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Table 1 Resonant frequencies and damping coefficient by half-power
method of the sandwich beam and plate with different boundary

conditions
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*Numbers in parenthesis are calculated data.
**This coefficient is based upon only the right half-power

point by assuming symmetry.

Results and Discussion
The half-power method is used for this preliminary evaluation

of Eq. (1) with an expected relatively high error in measured
damping coefficients. The experimental procedure is standard.
The harmonic excitation is varied through the frequency range
of interest, the frequency response of the structure constructed,
and then the peak frequency and corresponding half-power
frequencies read. Details of this procedure can be found in
Ref. 5. An aluminum beam, 9 in. long, 0.065 in. thick, covered
with a 0.022-in. DuPont viscoelastic damping material and by
an additional 0.020-in. aluminum constraining layer, subjected
to simply supported and cantilever boundary conditions is
considered. The measured and calculated results are shown in
Table 1. In the simply supported beam case the lower half-power
point of the second resonance could not be measured as is
shown in Fig. 2. Data for a simply supported sandwich plate
of 19.75 in. long by 9.75 in. wide with the same thickness
configuration of the beam are also shown in this table.

The error between measured and calculated data with respect
to the measured data for resonant frequencies is from 2% to
11% for all the resonances shown in Table 1. The experimental
measurement of resonant frequencies itself is accurate within
1 Hz. Thus it is believed that Eq. (1) predicts the resonant
frequencies for the sandwich beam as accurate as the classical
beam equation for an uniform elastic beam.

The error between measured and calculated data with respect
to the measured data in damping coefficients is from 0% to
35%. This error arises from many possible sources; however, the
mingling of the resonance tails is the prevailing source in most
cases. Although this damping error is relatively high, it is
believed that a well-designed high damping measurement method
for the constrained-layer damping could reduce the error.

Additional discussion and comparison of calculated data using
the present theory with the experimental data obtained by the
decay method on various sandwich configurations reported in
NASA CR-742 (Ref. 6) are also given in Ref. 5. These tend to
strengthen the aforementioned conclusions.
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Engineering Analysis of Reattaching
Shear Layer Heat Transfer
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Nomenclature
H = total enthalpy
I2(rj.) = Korst-Chow integral (Ref. 5)
M = Mach number
n = exponent in wall jet heat flux decay [Eq. (4)]
p = static pressure
Pr = Prandtl number
q = wall heat flux
Re = Reynolds number
St = Stanton number
T = temperature
U — velocity
XR = recirculation distance from location of maximum heat flux

(Fig. 1)
p = flow reattachment angle (Fig. 1)
AD = shear layer width above dividing streamline (Fig. 1)
A = freestream turbulence heating augmentation factor
fj. — absolute viscosity
p = density
a = turbulent shear layer spread parameter

Subscripts
D = dividing streamline
e = edge of boundary layer or shear layer
max = maximum
s = stagnation
w = wall •
o — at compression ramp corner
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1 = immediately upstream of separation
2 = downstream of separation; also, behind normal shock
3 = downstream of reattachment

Superscripts
s = exponent index; £ = 0 for laminar shear layers; 8 = 1 for

turbulent shear layers

Asf engineering analysis is developed which yields reasonable
predictions of maximum reattachment heat transfer for

laminar or turbulent separated shear layers, as well as heat flux
distribution in the regions upstream and downstream of reattach-
ment. The analysis is based on an analogy to jet impingement
heat transfer in the reattachment region, a wall jet heating decay
in the recirculation region, and a new boundary layer down-
stream of reattachment whose growth is controlled by local
reattaching shear layer flow properties. Upstream boundary-
layer thickness effects are included by use of appropriate pre-
asymptotic shear layer profiles. In general, better agreement of
prediction with experiment is obtained for laminar separation/
reattachment. Maximum reattachment heating for turbulent
separation was found to exceed prediction of the jet impingement
model by significant amounts, probably because of large scale
flow unsteadiness and reattachment pressure fluctuations. A
simple empirical expression based on reattachment pressure ratio
was found to yield satisfactory predictions for the turbulent case.

A conceptual model of separated/reattaching flow is shown in
Fig. 1. This class of reattaching flow is termed "full shear layer
reattachment," since the entire shear layer reattaches to the
deflecting surface. The expression for maximum reattachment
heat flux is based on the two-dimensional form of the Lees
laminar stagnation point heat flux relation, with a velocity
gradient (dU/dS)0 = U2/kD, in analogy with two-dimensional jet
impingement. The effect of incidence is approximated by
assuming qs ~ Ps°-5, with the hypersonic approximation
ps ~ (M sin P)2. The resulting relation is

qs = 0.50A'(pe UenJ*D)°-5(H,-HJfsmp/Pr213 (1)
in which the factor A. attempts to allow for local freestream
turbulence effects, as defined by Nestler.1 Alternate expressions
for maximum reattachment heat flux for turbulent shear layers
are also considered.

a) Turbulent shear layer energy exchange, as suggested by
Donaldson2

qaa* = pDUD(HD-Hw)I,(rij)/<r (2)
b) Empirical method, as employed, e.g., by Kim and Parkinson3

4/4i = (p/Pi)0'8 (3)
In Eq. (3), the local reattachment pressure p is computed as the
stagnation pressure behind a normal shock corresponding to p2
and M2N, the component of M2 normal to the reattachment
surface.

Another class of reattaching flow is that of "partial shear layer
reattachment," such as that of flow over a surface cavity, in which
only the lower portion of the shear layer reattaches to the
deflecting surfaces. In Ref. 1, a relation similar to Eq. (1) is
derived for partial shear layer reattachment, using dividing
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Fig. 2 Reattachment heat flux distribution on 45° compression step in
hypersonic laminar flow (data of Holden, Ml = 10, Re/in. = 1.35 x 105,

TJTS = 0.23).

streamline properties rather than shear layer edge properties, and
an empirically determined effective shear layer width.

Shear layer profiles are evaluated by techniques which include
the effect of upstream boundary-layer thickness. For laminar
shear layers, the similarity solutions of King and Baum4 are
used. For turbulent shear layers, the asymptotic dividing stream-
line velocity ratios of Korst and Chow5 are modified by the
method of Alber and Lees.6

Heat flux distribution in the recirculation region is assumed
to correspond to a wall jet heat flux decayt

q - XR
n (4)

in which XR is measured from the location of maximum reattach-
ment heat flux. In Eq. (4), n = —1.25 for laminar flow
(Glauert7) and n = -0.6 for turbulent flow (Akfirat8).

Heat flux distribution downstream of reattachment is modeled
as a boundary layer having its origin at reattachment, whose
development is determined by local external flow properties.
Assuming flat plate heating relations for simplicity, the following
relation results

0:1 i
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Fig. 3 Reattachment heat flux distribution on 36° compression ramp
in hypersonic turbulent flow (data of Holden, M1 = H3,Rexl = 35 x 106,

TJTS = 0.19).

Fig. 1 Full shear layer reattachment flow model.

t This approximation will be in error because of streamwise pressure
gradient effects in the region of formation, as well as mass addition
effects from the reattaching shear layer.
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in which a = b = 0.5 for laminar flow and a = 0.8, b = 0.2 for
turbulent flow. In Eq. (5), the properties p3 U3, and //3 correspond
to the inviscid edge values in the case of full shear layer reattach-
ment, and to limiting streamline properties in the case of partial
shear layer reattachment.

Comparisons of the predictions of the analysis with a sampling
of previously published heat transfer measurements obtained on a
variety of reattachment geometries are given in Ref. 1, including
cavities, compression ramps, spike nosed body, and forward
facing step. Representative comparisons are shown in Figs. 2 and
3 for laminar and turbulent separation/reattachment over com-
pression ramps. In Fig. 2, the maximum laminar reattachment
heating level measured by Holden9 is well predicted, as is the
decay in the recirculation region. In Fig. 3, Eqs. (1) and (2) are
seen to seriously underpredict the maximum turbulent reattach-
ment heating level measured by Holden.10 However, the simple
empirical relation of Eq. (3) yields reasonable agreement with the
data.

The method presented herein offers a generalized approach for
predicting both laminar and turbulent shear layer reattachment
heating. Previously published methods are confined to semi-
empirical correlations applicable for specific geometries and type
of flow.
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Nomenclature
a = shell radius
c = radial deflection amplitude
D = shell rigidity Eh3/I2(l- v2)
E = Young's modulus
h = shell thickness
/ = shell length
m = number of axial waves or half-waves
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n = number of circumferential waves
r = parameter in Sec. 3
w = radial deflection
x = axial coordinate
a = axial stress
9 = circumferential coordinate
v = Poisson's ratio

1. Introduction

IN Ref. 1 experimental results for rubber cylinders were given
for the title subject and a comparison was made with the

existing classical theoretical result for such shells subjected to a
uniform axial compressive stress. It was assumed intuitively that
such a result would apply when the axisymmetric axial com-
pressive stress varied linearly (due to self-weight). In fact, the
agreement was very good for thicker (taller) shells, but became
progressively less so for thinner (shorter) shells.

It should be noted that in Ref. 2 linear buckling analyses
for asymmetric axial compressive stress distributions produced
the result that the classical result was applicable to the
asymmetric cases.

The purpose of the present Note is to attempt to show from
a similar reasoning that the same classical result applies to self-
weight buckling.

2. Review of Classical Results

Reference 3 presents the well-known result for the buckling
of a rubber cylindrical shell under uniform axial compression,
viz,

a, = £/z/43(l-v2)]1/2^0.667£/z/a (v = 0.5) (1)
This result is based on the assumption of a sinusoidal wave
form axially and applies to symmetrical buckling (n — 0) or
asymmetrical buckling (n > 0) provided that the cylinder is not
too short and that a large number of axial waves is involved, i.e.,

mna/l > 1
For very long shells and when only a small number of axial
waves is involved, the critical uniform axial stress is3 equal
to 0.6 x that of Eq. (1) and corresponds to a circumferential
buckling mode in which n = 2—i.e. circular shell buckles into an
ellipse. Thus,

a 2 — OAEh/a (2)
Other analyses presented in Ref. 3 for inextensional buckling
and for elemental strips of the shell buckling as "equivalent
struts" of length 1 are not considered relevant in this case.

3. Present Analyses

A general analysis is presented in Ref. 3 for asymmetric
buckling involving 3 coupled differential equations in the dis-
placements in the axial, circumferential, and radial directions. For
the problem of self-weight buckling with o = a0(l — x/1) and with
w = c sin nO sin (mnx/2L) corresponding to an open-ended shell
at x = 1, with m an integer, it is found that

cr3 = 2al for m ̂  2 (3)
This result is believed to be too high.

For symmetrical buckling with w = c[l — cos (2m7rx/l)]
0 < x < l/m, corresponding to a single buckle at the base of the
shell, and with self-weight loading, one finds from an energy
analysis that

o-4 - 1.732(7! (4)
Thus for a clamped base and with buckling initiating there,
the critical stress is (3)1/2x that for simple supports. However,
it is possible that the preceding single assumed mode is not
sufficiently realistic, and that with a greater number of assumed
modes in the energy analysis a lower factor than (3)1/2 would
be obtained.

For symmetrical buckling with w = ccos2(r7rx/21)sin(m7cx/l)
0 < x < 1/r corresponding to a sinusoidal wave form which
decreases in amplitude from x = 0 to zero at x = 1/r, one
obtains the following general result:
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